Table of

Contents
AADSTIACT .ttt ettt eb e bbbt sh e e et ettt ettt et et e b 2
ACKNOWIEAGEMENTS........oiiiiiiiiiieeiie ettt ettt te e st e e st e e etaeetbeessaeesssaeenseens 3
Table Of COMEENLS .....eeiuiiiiiiieiieiie ettt et e bt e bt e sbeesaee e 4
LSt OF FIGUIES ...veiiiiiiiiii ettt et ettt e et eetb e e sebaessbaeensaeenssee e, 13
LASE OF TADIES ...c.eeeeeiiieee ettt st s 15
GLOSSATY ..viieetieeeiie ettt ee ettt ettt e ettt e et e e e e e tbeesabeesseeessaeessseesseesssaeansseessseeasseessseeanseen, 18
Introduction
Chapter One
Introduction to the Study
1.0 Preamble ....cc.eoeiiiiiiiieeee ettt st 22
1.1 INErOAUCTION ...ttt ettt e sb e st st e st e st esaeeeaes 23
T2 RAIONALE .o e e e e e e e e e e e e e aeeees 23
1.3 Introducing NRICH and AskNRICH: A Classroom in the Air.........ccccceeeenneenee 25
1.4 Background to the ReSearch ..........ccccoeeviiiiiiiiiiiciiecie e, 26
1.5 Framing the Research for the Main Study ........cccccveviverciiieciieeiieceecee e, 27
1.5.1 CMOC FOTUITIS .evteiiiiiiniiieiiee ettt ettt ettt et e st st e e 28
1.5.2 Types of COMMUNITIES........cccvierriieeriieeieeeieeeieeereeesieeesveesereeesseeseeesseeeens 28
1.5.3 ClasSroOm PractiCes.......coivuerieiienieiiiiienie ettt 30
1.6 ReSEArCh DIESIZN ...uuvieiiieiiiiciieeciie ettt ettt e et et b e e et e e raeetaeesssaeenseens 30
1.6.1 Epistemology and Theoretical Perspective..........ccoeveveeecieeinireniienieeciee e 30
1.6.2 Working with the ASKNRICH Artefact ........ccceevvieviieeciieiiecieeciee e 31
1.6.3 Overview of the Research Goals ...........cooceerieiieniiiniiiiiiecc e 32
1.6.4 Framework Summary Diagram ...........cccceecvveviieniiieniiieenieesieeereesreesvee e 35
1.6.5 Ethical ConsSiderations ..........cceceerierierienieiie ettt 36

1.7 Outline of Thesis Chapters ........ccveccvierciieeiiierieeereecree e reeeree e eeaeeseseans 37



Part One

Chapter Two
Literature Review I: School Mathematics
2.1 INEEOAUCTION ...ttt ettt st sat e sttt eate e 39
2.2 The State of School Mathematics Teaching .........c.ccccceeevviierieenciienirieeiee e, 39
2.3 Pupils’ Perceptions of School Mathematics .........c.cccccvevviiierieeniieniie e, 42
2.4 Mathematical Problem-SoIVINg .........ccccceeviiiriiiiiiiiieie e, 44
2.5 Pupils’ Perceptions of Problem-Solving..........ccccccveveiiiiiiiiniieniieciie e, 46
2.6 ‘D0oing MathematiCs’ .......cc.eeveuieiiiieriierieeciee e ree e sreesre bt e eareessaeessseeensens 47
2.7 Mathematical Understanding...........ccceevvreriieeiiieeniienie e esreesreeeveeeseeeseveeeenean, 51
2.8 MathemAatiCIANS ....eueeiieiiiieiie ettt ettt sttt e s e sane e 53
2.9 CONCIUSIONS ...ttt ettt ettt e bt e s it e sat e sae e s et e eaeesaeeeateeabe e 56
Chapter Three
Overview of Methodology for Initial Study
3.1 INErOAUCTION ...ttt ettt ettt et et e st e s e st 58
3.2 ReSearch SUMMATY .......ccocuiiiiiiiiiiiiiie ettt et et e e e e e sbeeesaaeeeaeessseesssens 59
3.3 Mixed Methods Methodology ........cccveviiiiiiiiiiieiiecee e, 61
3.4 Research Methods and INStruments ...........ccoceevieiieiiieiieiieeeeee e 62
3.4.1 SUrvey QUESTIONNAITES ......veeeveerrieeiieeireerreesreesseeeseeessreessseesssessseessseeensens 63
3.4.1.1 In-school Paper-Based Questionnaires...........cceeeeveeeruveerveenveesveeennnen, 63
3.4.1.2 WED-SUIVEY ..eiiiiiiiiieciiieeiee ettt ettt e et e et sbeeseeesraeeaaeesseeesse s 65
3.4.2 Student INTEIVIBWS .....eeiuieiiieiieitieitieriierite ettt 67
3.4.3 Managing Automated Web-Survey Data...........ccceevvieeciiiniienieeciee e 68
3.4.4 Coding Data.....c.coocuiieiiieciie ettt eree et e e e e sv e e b e rae et e eareennns 69
3.4.4.1 WED-SUIVEY ..eeiiiiiiiiieiieeiee ettt et e e sebe e sbee st e estaeeaaaesaeessseans 69
3.4.4.2 INEEIVIBWS .eutieiieiieiieitienite ittt ettt sttt sttt sa e et ettt e e et e e 71

3.5 SUMMATY COMMENTS....ceuviieeiiiieeeiiiieeeiteeesiteeeeriteeeeaereeessareesseeesasseeesnnsseessnnns 72



Chapter Four
Findings from Initial Study

4.1 INTEOAUCTION ...ttt ettt ettt ettt st e st e st st s et e e e eaeeeateeabe e 73
4.2 OVErvieW Of Datasel .......c.cecuiiuiiiiiiiiiii ettt ettt st sttt et 74
4.3 Findings and Discussion Part One: The Home ConteXt ..........cccveevveenvienereennnenn, 76
4.3.1 Home, Alone and (Possibly) Not Telling the Teacher ..............cccecvveennennne, 76
4.3.2 Reasons for not Telling (Teacher) .........cccoecveeeiiieeniieiiiece e, 80
4.3.3 Why do Mathematics (NRICH) Problems at Home.............ccccccvveevieennnnnne, 81
4.4 Findings and Discussion Part Two: Perceptions of Mathematics........................ 82
4.4.1 Doing Puzzles and Games in Mathematics Lessons..........ccccceevvveeveeennnne, 83
4.4.2 Ways of Working in Mathematics LeSSONS..........ccceeeveeviienciieecieeeiieeneiennn, 84
4.4.3 Perceptions of Understanding Mathematical Content.............ccceeeveeenneenne, 85
4.5 CONCIUSIONS ....eeeiiiiiieeiie ettt ettt ettt b et eshtesatesat e saeesaeeeaeesaeeeateeabe et 86

Part Two

Chapter Five
Literature Review II: Analysing Computer Mediated Communication
5.1 INEPOAUCTION ...ttt ettt et e b e sbeesaeesaee et 89
5.2 Initiating the review with two CSCL SUIVEYS.....cecvvvieiciiieiieeieeciee e, 90
5.3 Frameworks and Methods I ...........cooiiiiiiiiiiiiiie e 92
5.4 SiZ€ and SN ....vvieiiieiieciie ettt tb e e e sebaeenrae e 94
5.5 Frameworks and Methods T1..........cccoeiiiiiniiniiieiie e 95
5.6 Methodological ISSUES ......ccccviiiiiiiiiieii ettt seae e e 99
5.6.1 Nature Of CONENT ...c..eeruieriieriieitieniieniierie ettt ettt nbee e 99
5.6.2 UnNit Of ANALYSIS..cccuiiiiiiiiiiieiiieeiieeie et e etee et e eieeeaeesebesebeesbeeesseeeneseesnnas 100
5.0.3 VAIIAILY c.vveeiiieeiie ettt e s vt e et e et e etaeessbeeesbaeestaeetaeesnraeennes 101

5.7 CONCIUSIONS ...evviiiiiieieieeeeeee ettt ettt aaaaaaaaees 102



Chapter Six
Methodology and Methods for the Main Study: Exploration of AskNRICH

6.1 INErOAUCTION ....ceiiiiiiiiie ettt ettt et et e st e st e e 104
6.2 Methodological DiSCUSSION.......ccuieriieriieeiieecie et e eree et sbeesreeereesaeeeseeneseans 106
6.2.1 Epistemology; Theoretical Perspective and Methodology ............ccccceueenee 107
6.2.2 Emergent Methodological Design ...........cccvveviieiiieeciie e 110

6.3 Planning, Structuring and Executing the Exploratory Examination of the

ASKNRICH artefact .....cccueeruiiiiieiieiieiiee et e 112
6.3.1 Contextual Information..........ccceerierieriinienie e 113
6.3.1.1 Timeline of Data Collection .........cccceerierienieneenienie e, 113
6.3.1.2 TrianguIation .......ccceeeeiiiiiieeiiie e eiee et e e esereeevee e ebeeeeaeeeaeeeeseans 114
6.3.1.3 Addressing the Dynamic Nature of the Web-board ...............c.cc........ 114
6.3.2 Volume of Threads and Posts Perused ..........cccccooieniiniininiiiniiiiciicee, 115
6.3.3 Selection of Threads for Detailed Analysis.........cccecevveeerieerieenieeniieereeenns 118
6.3.3.1 Selection of Two Exemplar Threads from General Postings .............. 118
6.3.3.2 Selection of Representative Participant for a Case Study ................... 119
6.3.4 Techniques Used for Analysis of Selected Threads ..........ccceeevveeriienneenn, 120
6.3.4.1 Generating Interpretive COMMENLArIiEs .......eevveeeveeerreerreerreeeveeeenes, 121
6.3.4.2 Using the Interpretive COMmMENtaries. .......c.cccevveeeveeerveerreencveeeneeennnen, 124
6.3.4.3 Analysing Case Study Threads and Codes Generated......................... 124
6.3.4.4 Analysing Exemplar Threads and Codes Generated........................... 126

6.3.4.5 Forming a Diagrammatic Representation of Interactions and

CONMNECTIONS ...ttt ettt ettt sb e b e sbe e bttt et eaeeenee et 129

6.4 Exploring and Defining the Characterisation of ASkNRICH ............ccccccuveennnen, 132
6.4.1 Forming a Wholistic View of ASKNRICH .........cccccccvvieeiiiiiiiiiieieeeieees 132
6.4.2 Iterative Reviewing of Literature.........ccccecvvveviieiiiesciie e cree e 133
6.5 Reliability and Validity........ccccveriiiriiieiiieeiiecieecee et vaeeeve e, 134

6.6 Concluding RemArks...........coovuiiiiiiiiiiiiiieiiecie ettt e, 137



Part Three

Chapter Seven

Literature Review III: Interactions whilst Doing Mathematics

7.1 INErOAUCTION ...ttt ettt sttt e st e sae e s e st s 140
7.2 Characterising Classroom Talk........c..cccceveiiiriiieriiieciie e, 141
7.3 CONVETSALION ..ttt ittt ettt ettt et ettt ettt et et et e st e e sbeesbeesbeesbeesmeesbeenans 143
7.4 Characterising and Categorising Pedagogical Interactions ............ccccccvveveveennen, 145
7.5 Frameworks for Learning .........ccccvevvvereiieeiiieiiieciie et eeve e 147
7.5.1 SOCratic DIAlOZUE......ccuviiiiiiiiieeiie ettt et eeb e b e eaaeeaseeens 151
7.5.2 SCATOIAING....eeeviieiiieie e ettt et e e e s 153
7.5.3 Self-Regulated Learning and Metacognition...........cc.eeeeveeeerveerveerveenveennnns 154
7.6 The Zone of Proximal Development .........c.cccveevvierieeeciieeniiecieeeree e, 156
7.6.1 Misconceptions and ASSUMPLIONS .....cccveeerrreerrreriveerreeesireesreesreesseeesseeenens 157
7.6.2 Conceptualising the Zone of Proximal Development: Stage One............... 158
7.6.3 Variations on the Zone of Proximal Development Theme.......................... 160
7.6.4 Conceptualising the Zone of Proximal Development: Stage Two .............. 162
7.7 Concluding RemMArKS...........coouiiriiiiiiieiiieiiecie ettt et tae e, 163
Chapter Eight
Introduction to the AskNRICH Web-Board
8.1 INIOAUCTION. ...ttt ettt ettt e sbe e sbee st e saee s 165
8.2 AskNRICH Portrayed through Participants’ VOICES ........cccueevveeriieriieeieeeenennn, 166
8.3 The Nature of the AsSkNRICH Environment .........cc.ccocceeveenieniieninniienienienea, 167
8.3.1 What iS ASKNRICH? .....ooiiiiiiie ettt 168
8.3.2 Sections of the Web-Board...........occeeiiiiiiniiiiiieeeeeeee e, 169
8.3.3 POStING PrOtOCOIS ....oovvviiiiiiiciie ettt 170
8.4 Who uses ASKNRICHT? ......ooiiiiiiiieee e 171
8.4.1 Explicit Information Obtainable about Participants ...........c.ccccveevivrenveenne, 172
8.4.2 Reasons for PartiCipating.........ccveevvierciieiiieeiieerieeeieeeiee e sveeeeesevee e 173
8.5 POSHING StALISTICS ..uvveeviieiiieeiieeitieesiieesteeereeeteeestteeseveessseesseesssreessseessseessseesnsseenns 176
8.6 Features SUMMATY 1 ....c..ooviviiiiiiiiiiie ettt e e et e e s e e s eannes 180

8.7 COMCIUSIONS ...ttt aaaaaes 181



Chapter Nine
Common Practices of AskNRICH

Perspective One: Two Exemplar Threads

0.1 INErOAUCTION ...ttt ettt st e st e st e satesaeesaee s 183
9.2 EXemplar TRI€ads .......c.ccccuiiiiiiiiiieiiieciie ettt eesvee et eetaeesebeeeere s 184
9.2.1 Exemplar Thread One — Attempting to Solve Simultaneous Equations...... 184
9.2.2 Exemplar Thread Two — Number Theory TOpic ......c.ccccvveevireriieriienrieennn,s 185
9.3 Explanation of FEAtUIEs ........ccceeuiiiiiiiciiiiiiecieecee ettt e, 196
9.3.1 Theme One: Features in a Learning Role ..........cccceevvieeciieiniieniiecieecreees 196
9.3.2 Theme Two: Features in a Teaching Role..........cccooeevviiciiiniiiniiiiiieeieee, 198
9.3.3 Theme Three: Social and Personal ............ccoceorieniiniiniiniiiciic e, 200
9.3.4 Theme Four: Temporal ASPECES .....c.eeeevireriiiriieiieeeiie e e e e eveeeeee e 200
0.4 DASCUSSION ..ttt ettt et ettt ettt ettt e b e b e e st e e s bt e sbeesbeesaeesmeesaeenans 201
0.4.1 MEAIUM ..c.uiiiiiiieiietce ettt ettt sb e sb e sbee b e saeeeees 202
9.4.2 Conversational TOMNE .......cceeriirierieiieniie ettt 204
9.4.3 Socratic-Style Dialogue and Scaffolding............cccceeevveeeiiiniiiiniienciieereees 206
9.5 Features SUMMATY 2 ....ccccuiiiiiiiiieeiiiieeeiteeeeitee e ettt e e et e e seebeesaaeesseseeesennseeesnnns 209
0.6 CONCIUSIONS ...ttt ettt ettt ettt et et b e bt et e e sbeesbeesbeesbeesmeesneenans 210
Chapter Ten

Doing Mathematics in Local Isolation
Perspective Two: Case Study of an AskNRICHer

10,1 INtrOQUCION ...ttt ettt ettt b e bt e st esbee s bt e saeesaeesaeeeaes 212
10.2 Background INformation...........ccceccuieieiireniieniieciee et 213
10.2.1 Introducing Peter in his OWn Words ..........ccceevviieriieeeieeniiecieeciee e 214
10.2.2 Numerical Data on Peter’s PoStings .........ccooceevvvieriieeiiieniiecieeciee e 217
10. 3 Peter Engaged in a Learning Role: Viewed through Two Sample Threads ..... 219
10.3.1 The Sample TRreads ......c.coccvieiiieiciiieiieciie et 220
10.3.2 Observations on Learning Opportuniti€s.........cccveereveeeereeerieesveeniveenveesnns 222
10.3.2.1 Mathematics Challenge ...........cccceevierrieiiieeiiierieecree e, 223
10.3.2.2. Experiencing Other People’s Mathematics ...........cccceeevvevveenrieenen, 223

10.3.2.3 Exploiting Thinking and Understanding ...........c.c.ccceevvrerveenreeennnnn, 224



10.3.2.4 Reaching out to other AskNRICHers: Following Ethos and
EHIQUELEE oottt se e s e et eebaeeseaeeeens 225

10.4. From Learning Role to Teaching Role: Experiences of using Mathematical

INAUCTION ..ttt et 226
10.4.1 Threads Involving Mathematical Induction............c.ccccveeviriniienieenneeennn 227
10.4.2 Analysis of Peter’s Progress in Studying Mathematical Induction ........... 229

10.5 In the RoIe Of HEIPET ..occeviiiiiiiiiiecieecee ettt e 232
10.5.1 Teaching StrateZIeS......cccueereuieeirieeriieerieeeieeeireeesieeesereesreessreaseeeseeenseeensnns 232
10.5.1.1 Offering HintS.....cc.eeveviiiiiieeiieeeiie et cee et ereesvee e eeaeeseveeeeneans 232
10.5.1.2 Offering an Alternative EXample .......c.ccccceevevieeeiiiniiieniiecieeeiieeen, 233
10.5.1.3 Direct EXplanation...........cccccueeevieriieniiieeiie e esree e eveeeveeseneesenean, 234
10.5.2 Helping but Learning..........ccueecveeeciieerieeriieeireeeieeeeeesveesveessieeseesneeeenns 234

10.5.3 Reaching out to other AskNRICHers: Perpetuating Ethos and

B IQUELEC. .o vtie ettt et et e et e etb e e stae e s b e e snreeeneae e 238

10.6 Features SUMMATY 3 .......oooiiiiiiiiiiiieeeiiee et ete e et e e e eeeetreessereeeennsaeeeenens 240

10.7 CONCIUSIONS ...ttt ettt ettt ettt e sb e bt e s bt e sbeesaeesbeesnes 240
Chapter Eleven

Playing the Game: Mathematicians’ Interactions and Conversations

Perspective Three: Three Threads on one problem

T1.1 INtrOAUCHION ....etiiiiiiiiieiie ettt ettt ettt et e bt e bt e bt e saeesaeesaee e 243
11.2 The Three Threads ........cocuiiieiiiiiieeee ettt 244
11.2.1 Background and Rationale............c.cceeeeeviiiiiieniiieeie et 244
11.2.2 The Mathematical Problem..........cccccooceiiiniiiiiniiiiiiiccee e, 245
11.2.3 The PartiCIPants ........c..cccueeeeuieeiieerieenieeeieeereeesseeesereeseveessesssseeeseeessseensnns 246
11.2.4 Starting to Analyse the Threads.........c.ccoccveeviiieiiiiiicii e 246
11.3 Diagrammatic Representations of Interactions...........cccceeeevveervienieencviesereeennes, 247
11.3.1 Purpose of the Connection Diagram............ccceeeevveverieeriienirenieeniee e 247
11.3.1.1 Connection Diagram for Thread One...........ccccccvvevvieniienieeeiieenneen, 248

11.3.1.2 Connection Diagram of One Participant’s Interactions Across

TRICAAS ...ttt et e et e e eeeeeeeeeeaeeeeeaeeeaeaenanes 251
11.4 Conversation-for-EdUcCatiON............ooouviiiiiiiiiiiiiiiiii e, 253

11.5 AskNRICHers Emulating Professional Mathematicians? ...........cc.ccoeoeeveeneenne, 256



11.5.1 Techniques for the Mathematician’s ToOIbOX ........ccccceveeeerireriirerireniieennn 258

11.5.2 Customary Occurrences when Engaged in Mathematics .............ccccueenen 259
11.5.3 Social Graces Embedded within Exchanges...........c.ccccoveeviiiviieniienneeennn 261
11.6 Features SUMMATY 4 ........oooviiiiieiiiieeeiiee et eteee et e e esereesetreesseseeessnaneeeenens 263
11,7 CONCIUSIONS ...ttt ettt e sb e bt e bt e sbeesaeesbeesnes 264
Chapter Twelve
Taking Stock - A Reprise of Findings
12,1 INETOAUCTION ...ttt ettt ettt e b e bt e s bt e sbeesbeesbeeenes 266
12.2 Diagrammatic Overview of FINdings .........cccceevvriviiieicieeriieniiesieeciee e, 266
12.3 Outline of the Remaining Stages: Defining the Characterisation...................... 270
Part Four
Chapter Thirteen
Literature Review IV: Collaboration & Cooperation; Affinity Spaces
13,1 INETOAUCTION ...ttt ettt ettt b e sb e st e bt e st e saeesaeeeaes 272
13.2 AskNRICHers’ Collaboration and Cooperation in Context .............cceereveennnenn, 272
13.3 ATINILY SPACES .iovvieieiieeiiieiii et eeiee ettt et e et e eeee e bessbeeesbeeessaeessaeesssaeesseens 277
13.3.1 Background to Affinity SPacCES........cceereriiieriieriieeiie e eeie e e eree e 277
13.3.2 Defining Affinity SPACES .....c.cccvviiiciieeriieeiie et etee ettt 279
13.4 CONCIUSIONS ......eeiiiiieeie ettt ettt ettt e bt e sbe e s bt e sbeesaeesbeeeaes 282
Chapter Fourteen

The AskNRICHers’ Virtual World: A Second Learning Place

14,1 INTOAUCTION ......eiiiiiiiiieiie ettt ettt ettt et be e bt e bt e s bt e sbeesaeesaeeeaes 283
14.2 Stage One: Establishing AskNRICH as a Safe Haven Commune..................... 284
14. 3 Stage Two: Implications of the Nature of ASKNRICH..........c.ccccovvevvrerreeennen, 287

14.4. Stage Three: Examining AskNRICH in relation to the Concept of an

ATTINIEY SPACE...eiiiiiiiiieiie ettt ettt esbe e etre e abeesaaeessseeensaans 288

14.5 Stage Four: Defining a Pupil Learning Place and a Second Learning Place..... 294
14.5.1 Pupil Learning Place..........ccoveviiiiiiiiiiiiiciie et 294
14.5.2 Second Learning PIAce ..........cccvieciiiieiiiiniieciie et 295

14,6 CONCIUSIONS ...ttt ettt et e e e e e et e eeeeeeeeeeeeeeeeeseseseessssseeseeeanannnns 297



Conclusion

Chapter Fifteen
Conclusions and Reflections
15,1 INTOAUCHION ...ttt ettt st e bt e st e bt e saeesaeesaeeeaes 300
15.2 Summary of FINAINGS........ccovuiiiiiiiiieiiie ettt et e 301
15.2.1 Back@round StUAY .......ccceeeevieiiiiieiiieieeciee ettt e e e 301
15.2.2 Method Shaping Perspective ........cceeceeeriieriieniieeiieeieesieeeveesree e 302
15.2.3 The Exploratory Examination of ASkNRICH .........cc.ccoociniiniiniininnne, 304
15.2.4 Characterising ASKNRICH ..........cccceeiiiiiiiiiiie et 306
15.3 Thesis Claims and Contribution to Knowledge ...........ccceeevvieviiiniieniieciieennes, 307
15.4 Limitations t0 the StUAY ......cceeviiiiiieiiie ettt e 312
15.5 Research Implications and Further Work ..........ccccoccveveiiiiiiiniiieciiecee e, 314
References 318 -335

Appendices 337 - 564



